Abstract. In this paper we define a new cohomology of a smooth manifold called Lichnerowicz type cohomology attached to a function. Firstly, we study some basic properties of this cohomology as dependence on the function, singular forms, relative cohomology, Mayer-Vietoris sequence, homotopy invariance and next a regular case is studied. Also, the case when the manifold is locally conformally Kähler is considered. The notions are introduced using techniques from the study of two cohomologies of a smooth manifold: the Lichnerowicz cohomology and the cohomology attached to a function. Finally, a twisted cohomology attached to a function which is related to these two cohomologies is defined and studied.
Introduction
Let us consider an n-dimensional smooth manifold M and θ be a closed 1-form on M . Denote by Ω r (M ) the set of all r-differential forms on M and consider the operator This is the classical Lichnerowicz cohomology, also known in literature as MorseNovikov cohomology, motivated by Lichnerowicz's work [7] or Lichnerowicz-Jacobi cohomology on Jacobi and locally conformal symplectic geometry manifolds, see [1, 6] . We also notice that Vaisman in [15] studied it under the name of "adapted cohomology" on locally conformally Kähler manifolds.
We notice that, locally, the Lichnerowicz cohomology complex becames the de Rham complex after a change ϕ → e f ϕ with f a smooth function which satisfies df = θ, namely d θ is the unique differential in Ω
• (M ) which makes the multiplication by the smooth function e f an isomorphism of cochain complexes e f : (Ω
. For more about this cohomology see for instance [1, 3, 6, 11, 15] .
On the other hand, in [9] , Monnier gave the definition and basic properties of a new cohomology attached to a function. The definition is the following:
If f is a smooth function on a smooth manifold M , then we can define the linear operator d f : Ω r (M ) → Ω r+1 (M ) by
It is easy to see that d 2 f = 0, and, so we have a differential complex
which is called the differential complex attached to the function f of M ; its cohomology groups H
• f (M ) are called the cohomology groups attached to the function f of M . This cohomology was considered for the first time in [8] in the context of Poisson geometry, and more generally, Nambu-Poisson geometry.
We also notice that d f is an antiderivation, namely
while d θ is not an antiderivation, and it satisfies
The main goal of this paper is to make a connection between these two cohomologies, giving a positive answer to the question posed by Monnier in [9] : We can apply the techniques used on the Witten complex (Lichnerowicz complex) to differential complex attached to a function and conversely?
A first link is given in the following proposition. If f is a positive real valued smooth function on M then we have Proposition 1.1. Let ϕ be an r-form defined on some neighborhood U of M such that d f ϕ = 0. Then there exists an (r − 1)-form ψ defined on a neighborhood
Proof. Let ϕ as in hypothesis. From d f ϕ = 0 because f = 0 we easily obtain
But the operator d θ satisfies a Poincaré Lemma, see the proof of Proposition 3.1. from [15] , and thus there exists an (r − 1)-form defined on U ′ ⊂ U such that
Now by above discussion we obtain f ϕ ∧ df = d f ψ ∧ df = f dψ ∧ df and because f = 0 we finally get ϕ ∧ df = dψ ∧ df .
Another links between these two cohomologies are detailed in the next sections of the paper which is organized as follows:
In the second section we define a new cohomology so called Lichnerowicz type cohomology attached to a function of a smooth manifold. The notions are introduced by combining results from Lichnerowicz cohomology and from cohomology attached to a function. Firstly, we prove that this cohomology is isomorphic to Lichnerowicz cohomology of singular forms (Proposition 2.2), we discuss how the cohomology varies when the function f changes (Proposition 2.3) and how it depends on the class of θ (Proposition 2.4). In particular, we show that if the function f does not vanish, then the Lichnerowicz type cohomology attached to a function is isomorphic to Lichnerowicz cohomology (Corollary 2.2). Next we study a relative cohomology associated to our cohomology and we will show that it is possible to write a Mayer-Vietoris exact sequence (Theorem 2.1). We also give an appropriate notion of homotopy, but it is an open question whether the cohomology is homotopy invariant in general.
In the third section we consider the regular case, i.e., the case where the function f does not have singularities in a neighborhood of S = f −1 ({0}). In a similar manner with the study from [9] concerning to cohomology attached to a function, we can relate our cohomology with the Lichnerowicz cohomology of M and of S (Theorem 3.1). Also in this regular case, we prove a homotopy invariance (Proposition 3.1).
In the four section we study some aspects concerning to Lichnerowicz type cohomology attached to a function of locally conformally Kähler, briefly l.c.K., manifolds and we introduce three cohomological invariants of these manifolds. Also we consider another cohomology attached to a function of l.c.K. manifolds related to our cohomology (Corollaries 4.1, 4.2).
In the last section, following an argument inspired from [15] , we define a twisted cohomology attached to a function, which is connected to these two cohomologies.
Lichnerowicz type cohomology attached to a function
In this section we define a Lichnerowicz type cohomology attached to a function and we study several properties of this new cohomology in relation with some classical properties of Lichnerowicz cohomology and of cohomology attached to a function.
For this purpose we consider again θ ∈ Ω 1 (M ) be a closed 1-form on M . If f is a smooth function on M , let us remark that d f (f θ) = 0. Then if we replace d by d f and θ by f θ in the definition of Lichnerowicz operator d θ , then we obtain the following operator:
Taking into account that d f (f θ) = 0, then an easy calculation using (1.3) leads to d 2 f,θ = 0. Thus, we obtain the differential complex
which is called the Lichnerowicz type complex attached to the function f of M ; its cohomology groups H 
Using the definition of d f,θ by direct calculus we obtain
Also, if θ 1 and θ 2 are two closed 1-forms on M then
which says that the wedge product induces the map
f,θ1+θ2 (M ). Corollary 2.1. The wedge product induces the following homomorphism
In the following we prove some basic properties of this new cohomology.
2.1. Singular r-forms. According to [9] a form ϕ ∈ Ω r (M \ S) is called a singular rform if the form f r ϕ can be extended to a smooth r-form on M . We denote the space of singular r-forms by Ω
is a singular r-form then dϕ is a singular (r + 1)-form, and so d θ ϕ = dϕ − θ ∧ ϕ is a singular r + 1-form. In fact we have
so f r+1 d θ ϕ also extend to a smooth form on M . Therfore we obtain a chain complex (Ω 
By direct calculus we obtain
and so χ induces an isomorphism in cohomology.
2.2.
Dependence on the function f . As in the case of the cohomology H
• f (M ), a natural question to ask about the cohomology H • f,θ (M ) is how it depends on the function f . Similar with the Proposition 3.2. from [9] , we explain this fact for our cohomology. We have
Proof. For each r ∈ N, consider the linear isomorphism
Indeed, we have
where we have used the relation Φ
Proof. We take h = 1 f in the above proposition. We also have Corollary 2.3. If f and g are smooth functions on M such that 78. Also, a relative vertical cohomology of real foliated manifolds can be found in [12] . In [9] is given a relative cohomology for H • f (M ) and in [4] is studied a relative cohomology for H • θ (M ). In this subsection we construct a similar version for our combined cohomology H
′ be a morphism between two smooth manifolds. Taking into acount the standard relation dµ
Indeed, for ϕ ∈ Ω r (M ′ ), we have
The relation (2.6) says that we have the homomorphism
Now, taking into account (2.6) we obtain (2.7)
for any smooth function f ∈ C ∞ (M ′ ) and for any closed 1-form θ ∈ Ω 1 (M ′ ). Indeed, for
The relation (2.7) says that we have the homomorphism
where
Taking into account d 
′ f,θ ) −→ 0 with the obvious mappings α and β given by α(ψ) = (0, ψ) and β(ϕ, ψ) = ϕ, respectively. From (2.9) we have an exact sequence in cohomologies 
and by the definition of the operator δ * we have
Hence we finally get a long exact sequence (2.10)
Proposition 2.5. If the manifolds M and M ′ are of the n-th and n ′ -th dimension, respectively, then
is an isomorphism for r > n + 1, 
where α(ϕ) = (ϕ| U , ϕ| V ) and β(ϕ, ψ) = ϕ| U∩V − ψ| U∩V . So we obtain the following Mayer-Vietoris sequence:
is an open cover of M , we have the long exact sequence
Here {λ U , λ V } is a partition of unity subordinate to {U, V } and the forms under consideration are assumed to be extended by 0 to the whole M .
Homotopy invariance. Definition 2.1. ([9]). Let M and M
′ two smooth manifolds and f ∈ C ∞ (M ) and
formed by a morphism φ : M → M ′ and a real valued function α : M → R, such that α does not vanish on M and φ
We will say that the pairs (M, f ) and (M ′ , f ′ ) are equivalent if there exists a morphism Φ = (φ, α) between these two pairs where φ is a diffeomorphism. This notion of equivalence between the pairs is sometimes called "contact equivalence" in singularity theory. In [9] is proved that a morphism Φ = (φ, α) from the pair (M, f ) to the pair (
α r , and this map induces an homomorphism in cohomology Φ
for any closed 1-form θ on M ′ and ϕ ∈ Ω r (M ′ ). Thus Φ induces an homomorphism in Lichnerowicz type cohomology attached to a function Φ * : H
2. For α = 1 then we obtain the homomorphism from (2.8).
Definition 2.2. ([9]
). A homotopy from the pair (M, f ) to the pair (M ′ , f ′ ) is given by two smooth maps
such that for each t ∈ [0, 1], we have a morphism
, where h t = h(·, t), a t = a(·, t).
, from above discussion we obtain a map at cohomology level
For the Lichnerowicz cohomology H
• θ (M ) the problem of homotopy invariance is solved by Lemma 1.1 from [3] . For the cohomology attached to a function H • f (M ) the problem of homotopy invariance is the following: given a homotopy H, from (M, f ) to (M ′ , f ′ ), is it true that H * 0 = H * 1 at the cohomology level? This problem is partial solved in [9] namely: If the complements of the zero level sets of f and f ′ are dense sets, then in degree zero we do have
. For higher degree, a partial result in the regular case is also given in [9] . For our Lichnerowicz type cohomology attached to a function H 
which is also closed. Then one defines a mapping
Then if we consider two smooth functions f 1 and f 2 on M 1 and M 2 , respectively such that f := pr * 1 f 1 = pr * 2 f 2 then by direct calculus we obtain that
and hence we have an induced mapping
The regular case
In this section we study the regular case i.e., the case where the function f does not have singularities in a neighborhood of its zero set (i.e. 0 is a regular value). The subset S = f −1 ({0}) is then an embedded submanifold of M . We also assume that S is connected. In this case, the cohomology attached to a function H Proof. The proof it follows in a similar manner with the proof of Theorem 4.1 from [9] and we need to briefly recall some preliminary results.
Let U ⊂ U ′ be tubular neighborhoods of S. We may assume that U = S×] − ε, ε[ and
Let us consider the projection π : U ′ → S and ρ : R → R be a smooth function which is 1 on [−ε, ε] and has support contained in [−ε ′ , ε ′ ]. Note that the function ρ • f is 1 on U , and we can assume that the function ρ • f vanishes on M \ U ′ . If ψ is a form on S, we will denote by ψ the form ρ(f )π * ψ. Notice that from
Now we notice that for the closed 1-form θ on M we have
for any form ψ on S.
In the sequel we denote by ζ the linear application
, with d θ ϕ = 0 and d i * θ ψ = 0, then using (3.2) and (3.3), we find
Similarly, one checks that if ϕ ∈ Ω r−1 (M ) and ψ ∈ Ω r−2 (S), then
We conclude that ζ induces a map at the level of cohomology Finally, according to [9] , ζ is bijective for all r ≥ 1 and so the theorem follows. 
Lichnerowicz type cohomology attached to a function of locally conformally Kähler manifolds
The applications of Lichnerowicz cohomology to locally conformally Kähler or locally conformally symplectic manifolds, are well known in literature see for instance [1, 3, 5, 6, 11, 15] . In this section we study some aspects of Lichnerowicz cohomology attached to a function for locally conformally Kähler manifolds. Accordingly, [14, 15] , the manifold M has a Kähler metric which is locally conformally with a Hermitian metric. It is easy to see that θ| Ui = dσ i defines a global closed 1-form, and that (M, ω) has the characteristic property 
